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We consider a quasi-compact ringed space (X, B) for which the sheaf D is flasque and locally 
Serre. We prove that for such a space the functor of global sections f defines an equivalence of 
the category of locally free left U-modules of finite rank and the category of projective finitely 
generated r(g)-modules. Then we give a condition on an open covering 4!~ of X sufficient for 
every @-module which is free on % to be free. If uz1 satisfies this condition and besides D is flasque 
and Serre on @ then it follows that T(B) is also Serre. As an application we obtain a proof of 
Vorst’s theorem that the face ring of an arbitrary finite complex is Serre. 
Introduction 
If (X, &7) is a ringed space with the structure sheaf B of not necessarily com- 
mutative rings then the functor of global sections rassigns to each left d-module & 
the left r(8)-module Z&H). One of the basic results of algebraic geometry asserts 
that if (X, 8) is an affine noetherian scheme then r gives an equivalence of the 
category of coherent @-modules and the category of finitely generated r(8)-modules. 
Locally free @modules correspond under this equivalence to projective modules. 
The last observation is related to the fact that local rings are Serre, that is all finitely 
generated projective modules over these rings are free. 
In the present paper we consider quasi-compact ringed spaces (X, 8) for which the 
sheaf B is flasque and locally Serre. We prove (Corollary 1.3) that for those spaces 
ragain defines an equivalence of the category of locally free left @-modules of finite 
rank and the category of projective finitely generated r(4)-modules. The only non- 
trivial part of this result (Theorem 1.1) is a generalization of Milnor’s results [4, 
Theorems 2.1 and 2.31 and follows from them by induction. Then we give a condi- 
tion on an open covering %?/ of X sufficient for every U-module which is free on $Y 
to be free (Theorem 2.1). If besides B is flasque and Serre on @!/ then we deduce 
that T(B) is also Serre (Corollary 2.2). As an application we give a proof of Vorst’s 
theorem [6] that the face ring of a complex over field is Serre (Theorem 3.1). 
Throughout the paper all rings are associative and have identities. All ring homo- 
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morphisms preserve the identities. All modules are left unless it is explicitly stated 
that they are right. The standard terminology and results for sheaves are used often 
without reference and can be found in [2,3]. Throughout the paper (X, 67) denotes 
a quasi-compact ringed space. The stalk of 67 at a point XE X is denoted by & and 
the ring of global sections of B by T(B). For open subsets U and V of X such that 
I/C U we denote by Q “, I/ the restriction 6(U) + 8(V). For a finite set S we denote 
by ISI the number of elements of S. 
1. Modules over flasque sheaves of rings 
In this section we prove the equivalence of certain categories of G-modules and 
Z(4)-modules. 
Put A = r(a) and let M be a finitely generated A-module. Define the presheaf 16? 
as follows. For an arbitrary open subset I/ of X consider a(U) as a right A-module 
via eu,x and put 
ti( U) = 8(U) @A M. 
If I/ is an open subset of U then define the restriction GV,” : A(U) -+ A.?(V) by 
Gv,LJ=ev,uO 1,. If A4 is A” then clearly I@ is a sheaf isomorphic to 4”. It follows 
that if A4 is a finitely generated projective module then h;l is again a sheaf. The cor- 
respondence M++ A? can be naturally extended to a functor, say /1, from the 
category of finitely generated projective A-modules to the category of @-modules. 
The following definition will be used only in this section. We say that an 
@-module & is projectively coherent if there exists an open covering 4?/ of X such 
that for every UE Q the 8( U)-module .,4!(U) is finitely generated projective and 
J& I”=Mz). 
Clearly for every finitely generated projective A-module A4 the @-module &? is 
projectively coherent. If there exists an open covering @Y of X such that 67(U) is 
Serre for every UE %! then a is even locally free (of finite rank). 
The following result shows that for flasque sheaves these examples exhaust the 
possibilities. 
Theorem 1.1. Let d beflasque and let Jt! be a projectively coherent O-module. Then 
M= r(A) is a finitely generated projective A-module and &=I@. 
Proof. Fix a finite open covering {U,, U,, . . . , Or, } of X such that J(U,) is finitely 
generated projective and &! / u,= Eli), 15 ii m. For every non-empty subset 
SC{l,2,..., m> put I/,=UiEs Uj and Ms = A( V,). To prove the statement it suf- 
fices to prove by induction on ISI that for every S 
(i) A4s is a finitely generated projective B(Vs)-module and 
(ii) &? 1 v,=tis. 
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If ISI = 1 then (i) and (ii) hold by the choice of Vi. Suppose ISI > 1 and in S. Put 
T= S- {i} and consider the two commutative squares 
@‘( VT-) - 6(vTn u,) Ma- 4bn w 
where all maps are the respective restrictions of Q and .A. Since 4 and A% are 
sheaves both squares are Cartesian. Since 6 is flasque the first square satisfies also 
the Hypothesis 2 of [4, $21. Due to the inductive hypothesis the @(Ui)-module 
&(U,) and a( I/,)-module Mr are finitely generated projective and the restrictions 
from these modules to A( V,n Ui) satisfy the conditions for Basic construction 
from [4, p. 201. Thus we can apply Milnor’s results. From [4, Theorems 2.11 we 
obtain the statement (i) for S. In order to get (ii) let us consider the sheaf morphism 
f:tis+&I, defined by a@x ,-+ aau, vSx for every open UC V,, a E a(U) and 
x~Ms where crU, Vs is the appropriate restriction of A!. From [4, Theorem 2.31 we 
deduce that f(UI) is bijective. Then from the choice of Uj and flasque property of 
B we have that f(U) is also bijective for every UC U,. Since this is true for every 
i E S the morphism f is an isomorphism which completes the proof. 0 
Corollary 1.2. Let d be flasque. Then the functors A and rdefine an equivalence of 
the categories of finitely generated projective A-modules and projectively coherent 
d-modules. 0 
We will need the following specialization of this result. 
Corollary 1.3. Let 67 be flasque and let %Y be an open covering of Xsuch that 67(U) 
is Serre for every UE %I. Then the functors A and r define an equivalence of the 
categories of finitely generated projective A-modules and @-modules free on % (of 
finite rank). 0 
In the rest of the section we would like to express Corollary 1.3 in terms of non- 
abelian cohomology (see [l]). Let us fix an @-module A and an open covering Q 
of X. Denote by 99 the sheaf of germs of linear automorphisms of A. If AZ = 8” 
for some positive integer n then ??9= %Zg@,, is defined by FJ_P(U) = GL(B( U), n) 
for every open UcX with the restrictions induced by the restrictions of 67. The 
following statement is a specialization of [l, 111.2.5.21. 
There exists a bijection from the set of isomorphism classes of @-modules isomor- 
phic to .A on elements of 02d to the pointed set H’(%, g9?) of Tech-cohomology 
classes with coefficients in $?5?. This bijection maps the class of jc1 to the dis- 
tinguished point (trivial class) of H’(%, $?9). 
This statement combined with the Corollary 1.3 implies the following, 
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Corollary 1.4. Suppose X is connected and 67 is flasque. Suppose also that the stalks 
of B (and thus its rings of sections) have the invariant dimension property and IS(U) 
is Serre for every Ufrom some open covering %! of X. Then there exists a bijection 
from the set of isomorphism classes of finitely generated projective A-modules to 
the set u,“=, H’(OZd, F39?z?,,). Under this bijection the classes of free modules cor- 
respond to the trivial torsors. q 
2. Acyclicity 
In this section we give a condition on @ and on an open covering uz1 of X sufficient 
for H’(%, FJg,,) to be trivial for every n. This condition would imply that Q- 
modules free on 4~ are free. 
Theorem 2.1. Let 43 be a finite open covering of X closed with respect o intersec- 
tion and such that for every U and I/from ozl with VC U the following conditions 
hold: 
(i) The restriction Q”, Li splits (in the category of rings). 
(ii) There exists a section T “, v of ev, o such that for every subset W of U from Ozc 
s,,.(kerevnw,v)CkerQ,:.. 
Then H’(d%, ?4_F0,,) is trivial for every n. 
Proof. Let us abbreviate 9Jg0,, as %9 and denote by QV, U the restriction %9?(U) + 
FS_F,( V) and by i, V the section of it induced by rU, V (U, VE %!, VC U). Notice that 
the existence of f, V implies that ,6”,,, is surjective for U, VE %. 
We will prove that &V,U is surjective also for UE uzd and every subset V of U of 
the form V= Uf’_ l Uj for an arbitrary integer k and U, E a, i = 1,2, . . . , k. For that 
let us fix U and V as above and (x E ‘?39( V). To extend (Y to U we apply certain in- 
duction. For every ZcE={1,2,...,k) put U,=n,,,U; and for everyp, llplk, 
put VP = U,,, =p U,. Then denote by a (p) the restriction of cr on VP. We will prove 
by induction on k-p that ocp) can be extended from VP to U. Note that V, = V and 
a(‘) = a whence for k-p = k - 1 we will obtain the required statement. For the base 
of the induction we have Vk = U, E a. Thus in this case we can take Q, Uk(~(kP “) 
as an extension of c~(~-‘). 
Now assume that p< k and there exists p E %9(U) equal to (x@+‘) on VP+ 1. Con- 
sider y E 99( VP) given on VP by /K (x ’ (p). It suffices to extend y to U. Note that y 
has the following convenient property (*): its restriction to Vp+1 is 1. Now put E = 
n,,, =p f, U,(v,) where the product is taken in an arbitrary order and y,=d”,, ,,(y). 
Our goal is to show that E is an extension of y to U. For that it suffices to show that 
Bu,, U(E) = YI (1) 
for every I with III =p. Thus we fix two subsets Z and J of /? such that III = IJl =p 
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and consider n(Z, J) = &,, U(4U, “,yJ). If Z= J then clearly d(Z, .Z) = yI. Suppose 
Z#.Z. Then we can apply the condition (ii) of the theorem to a E @(U,) where a is 
either a non-diagonal entry of the matrix yJ or a diagonal entry of it minus 1. By 
the property (*) of y we have a E ker er,,o U,, ,,J whence rU, u,a E ker eu,, U. This im- 
plies that O(Z,J)= 1 for Z#J and (1) follows. Cl 
In the following corollary we will again assume that @ is the sheaf of rings with 
the invariant dimension property. 
Corollary 2.2. Suppose X is connected, 19 is flasque and 4?L is an open covering of 
X satisfying the condition of Theorem 2.1 and such that B(U) is Serre for every 
WE 021. Then r(G) is Serre. 0 
This follows from Corollary 1.4 and Theorem 2.1. 
3. Application to face rings 
In this section we apply Corollary 2.2 to prove the result due to Vorst [6] that the 
face ring of a complex over an arbitrary field is Serre. 
Let us recall the definition of face rings (see [5]). Let K be a finite simplicial com- 
plex (the empty simplex included) on the set { 1,2, . . . , n} of vertices and F a field. 
Assign to each i, 1 I iln, an indeterminate xi and denote by Z(K) the ideal of 
F[x,,x~, . . . , x,] generated by the square free monomials fliGsxj such that S$K. 
Then F[K] = F[x,, . . . , x,1/Z is called the face ring (or Stanley-Reisner ring) of K 
over F. Notice that F[K] is a typical example of a discrete Hodge algebra over F. 
To apply Corollary 2.2 we need to regard F[K] as the ring of global sections of 
a sheaf. For that we denote by X the poset of intersections of the maximal simplexes 
of K ordered opposite to inclusion and view X as a topological space with the order 
topology (the open sets are the increasing ones). For each s E X we denote by U, the 
minimal open neighborhood of s, i.e., U, = {t E X 1 t 1 s} . Now we define the sheaf 
I?? of rings on X as follows. Every SEX is a simplex of K and we put @(Us) = &= 
F[x; 1 i E s]. Besides for every t E X such that U, c U,, i.e., t Cs, we denote by Q,,, 
the canonical projection I??~-+ @[. Since G’/= {U, / SEX} is a basis of the topology 
of X, the collection (gs, et,,) defines a unique sheaf I?? with the stalks @ at SEX. 
Notice that the ring of sections of @ on U, must coincide with Us (i.e., it does not 
change under sheafification). As it is proved in [7] @ is flasque and Z(6) is naturally 
isomorphic to F[K]. 
Theorem 3.1 (Vorst [6]). For every finite simplicial complex K and a field F the ring 
F[K] is Serre. 
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Proof. It is clear that @ and 67 satisfy the conditions of Corollary 2.2 and the result 
follows from this corollary. 0 
Remark 3.2. The face rings of finite complexes can be viewed as the rings of regular 
functions of unions of coordinate linear subspaces of affine spaces. There exist 
more general affine reducible varieties whose rings can be represented as the rings 
of global sections of flasque sheaves of Serre rings on posets (see [S]). Thus Corollary 
1.3 can be applied to these rings. However the conditions of Theorem 2.1 may not 
be satisfied and the rings may not be Serre. We give a simple example of the kind 
below. 
Example 3.3. Consider the surface given by the equation (z- l)(z-xy) =0 in the 
3-dimensional affine space ((x, y, z)} over an arbitrary field F. The intersection 
poset of the two irreducible components of this surface consists of three elements, 
say s, t and u, with the order s< u and t < u. The sheaf 67 has the stalks fls = &7( = 
F[x, y] and flu=F[x,x-‘] (see Fig. 1). 
F[x,x_‘1 
u 
Fk ~1 A F[x> ~1 
s t 
Fig. 1. 
Its restrictions are the homomorphisms of the F-algebras given by Q,,,(X) =.Q,,(x) =x 
and eu,s(~)=e,,I(~)=x-‘. Now we define an G-module J& putting &(U;) = @ for 
i = s, t, u and defining the restrictions by or/,, Us = ,Q,,~ and au,, “, = XQ,, [. Clearly 67 is 
flasque and &is IocaIly free of dimension I. Hence by Theorem 1.1 the r(G)-modme 
M=T(Jlk) is projective. However JZ (and thus M) is not free. A way to see it is 
to consider the class h E H’(oZ1, 9g0, ,) corresponding to A. A 1-cocycle from this 
class if given by h,,., = x (E GL(6Tu, 1)). If this cocycle were trivial then there 
would exist elements aiE pi*= F* for i=s, t such that ,Q,,(~,‘)QJ~~) =X which is 
impossible. Thus h is non-trivial and 4 is not free. In particular although all the 
stalks of d are Serre rings the section ring r(a) of it (which is the ring of regular 
functions of the surface) is not Serre. 
Notice that in this example the stalks of & and M form a Cartesian square which 
does not satisfy the condition of [4, Lemma 2.41. 
Remark 3.4. In this section we considered sheaves of noetherian rings on finite 
spaces. It is easy to notice that this combination is not completely accidental. More 
precisely let @ be a flasque sheaf of left or right noetherian rings on X. Then there 
exists a continuous map f from X onto a finite space Y such that f *f,B= @. In par- 
ticular d and f,@ have the same sets of stalks and r(a)=r(f,@). Thus T(B) can 
be regarded as the ring of global sections of a flasque sheaf on a finite space. 
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